We prove that the moduli stacks of marked and labelled Hodge-special Gushel-Mukai fourfolds are isomorphic. As an application, we construct rational maps from the stack of Hodgespecial Gushel-Mukai fourfolds of discriminant d to the moduli space of (twisted) degree-d polarized K3 surfaces. We use these results to prove a counting formula for the number of 4-dimensional fibers of Fourier-Mukai partners of very general Hodge-special Gushel-Mukai fourfolds with associated K3 surface, and a lower bound for this number in the case of a twisted associated K3 surface.
Introduction
In the last 20 years the study of cubic fourfolds has been a central research topic, due for instance to their rich associated hyperkähler geometry and the still open question concerning whether they are rational or irrational. One foundational work is [Has00] , where Hassett studied special cubic fourfolds, i.e. cubic fourfolds containing a surface which is not a complete intersection. Special cubic fourfolds form divisors in the moduli space of cubic fourfolds parametrized by a positive even integer d called the discriminant. Moreover, depending on the value of d, the cubic fourfold is related to a degree-d polarized K3 surface via Hodge theory.
In order to study this relation on the level of period domains and moduli spaces, Hassett introduced the notions of marked and labelled special cubic fourfolds. Depending on d, the moduli space of discriminant d marked cubic fourfolds is either isomorphic to or a two-to-one covering of the moduli space of discriminant d labelled cubic fourfolds. Moreover, if d is such that an associated K3 surface exists, this is used to construct an either generically injective or degree-two rational map from the moduli space of degree-d polarized K3 surfaces to the divisor of discriminant-d special cubic fourfolds. This difference was further investigated in [Bra18] , where the geometry of the covering involution arising in the second case is completely described.
In this paper, we deal with similar questions in the case of Gushel-Mukai fourfolds. These are smooth Fano fourfolds obtained generically as quadric sections of linear sections of the Grassmannian Gr(2, 5), and they share many similarities with cubic fourfolds. After defining marked and labelled GM fourfolds of discriminant d and their associated moduli stacks in Section 3, we show that they provide equivalent notions in this case.
Theorem 1.1 (Corollary 3.6). The moduli stacks of labelled and marked Hodge-special GM fourfolds are isomorphic.
Like for cubic fourfolds, this result is particularly interesting when we specify to GM fourfolds with Hodge-associated K3 surfaces, as defined in [DIM15] . Recall that a GM fourfold has an associated K3 surface if and only if its discriminant satisfies a certain numerical condition ( * * )see Sections 2.2 and 4.1. For these values of the discriminant, applying Theorem 1.1, we interpret the condition of having an associated K3 surface on the level of moduli stacks as follows.
Theorem 1.2. Let d be a positive integer satisfying condition ( * * ). Then there exists a dominant rational map defined in (3) from the moduli stack of Hodge-special GM fourfolds with discriminant d to the moduli space of degree-d polarized K3 surfaces that sends a GM fourfold to a Hodge-associated K3 surface.
As an application, we can count fibers of the period map for GM fourfolds whose elements are Fourier-Mukai partners. By [KP18] the bounded derived category of a GM fourfold X has a semiorthogonal decomposition of the form
where U * X is the restriction to X of the tautological rank-2 vector bundle on Gr(2, 5) and Ku(X), defined as the orthogonal complement to the exceptional collection O X , U * X , O X (1), U * X (1), is a subcategory of K3 type. We say that a GM fourfold X ′ is a Fourier-Mukai partner of X if there is an equivalence Ku(X) ∼ − → Ku(X ′ ) of Fourier-Mukai type. As shown in [DIM15, Theorem 4 .4] the period map of GM fourfolds has smooth 4-dimensional fibers, so we cannot expect a finite number of Fourier-Mukai partners as in the case of K3 surfaces [BM01] or cubic fourfolds [Huy17, Theorem 1.1]. Nevertheless, Theorem 1.2 allows to prove a counting formula to the number of period points of Fourier-Mukai partners for very general GM fourfolds with Hodge-associated K3 surface. See [Ogu02] and [Per16] for the analogous statements for K3 surfaces and cubic fourfolds, respectively. Theorem 1.3 (Proposition 4.3). Let X be a very general Hodge-special GM fourfold with discriminant d satisfying ( * * ). Let m be the number of non-isomorphic Fourier-Mukai partners of its Hodge-associated K3 surface. Then when d ≡ 4 mod 8 (resp. d ≡ 2 mod 8), there are m (resp. 2m) fibers of the period map of GM fourfolds such that, when non-empty, their elements are Fourier-Mukai partners of X. Moreover, all Fourier-Mukai partners of X are obtained in this way.
We end with proving the analogue of Theorem 1.2 for GM fourfolds with associated twisted K3 surface. Recall that by [Per19, Theorem 1.1] this is equivalent to having discriminant of the form d ′ = dr 2 with d satisfying ( * * ) -see Section 5.2. On the other hand, the moduli space of polarized twisted K3 surfaces with fixed degree and order was recently constructed in [Bra19] .
Theorem 1.4 (Corollary 5.4). Let d ′ be a positive integer such that a very general GM fourfold of discriminant d ′ admits an associated polarized twisted K3 surface of degree d and order r. There is a dominant rational map from the moduli stack of Hodge-special GM fourfolds of discriminant d ′ to a component of the moduli space of twisted K3 surfaces of degree d and order r, sending a GM fourfold of discriminant d ′ to an associated twisted K3 surface.
Finally, as in the untwisted setting, we apply Theorem 1.4 to study Fourier-Mukai partners of a very general GM fourfold with associated twisted K3 surface.
Theorem 1.5 (Proposition 5.7). Let d ′ be a positive integer such that a very general GM fourfold of discriminant d ′ admits an associated polarized twisted K3 surface (S, α) of degree d and order r.
Let m ′ be the number of non-isomorphic Fourier-Mukai partners of (S, α) of order r. Then when d ′ ≡ 0 mod 4 (resp. d ′ ≡ 2 mod 8), there are at least m ′ (resp. 2m ′ ) fibers of the period map of GM fourfolds such that, when non-empty, their elements are Fourier-Mukai partners of X.
Plan of the paper. In Section 2 we recall the definition of (Hodge-special) GM fourfolds and some results concerning their Hodge theory. In Section 3 we define marked and labelled Hodge-special GM fourfolds and we prove Theorem 1.1. Section 4 is devoted to the construction of the rational map of Theorem 1.2 and the proof of Theorem 1.3. Finally, in Section 5 we recall the construction of moduli spaces of twisted K3 surfaces with fixed order and degree, and we prove Theorems 1.4 and 1.5.
Notation. Given a lattice L, we denote by Disc L := L ‹ /L its discriminant group and we set O(L) := Ker(O(L) → O(Disc L)). For any integer m = 0 we denote by L(m) the lattice L with the intersection form multiplied by m.
We denote by I 1 the lattice Z with bilinear form (1), I r,s := I ⊕r 1 ⊕ I 1 (−1) ⊕s , A 1 := I 1 (2), U is the hyperbolic plane Z ⊕2 , 0 1 1 0 and E 8 is the unique even unimodular lattice of signature (8, 0). For 3 ≥ i ≥ j ≥ 0 the Schubert cycles on the Grassmannian Gr(2, 5) are denoted by σ i,j ∈ H 2(i+j) (Gr(2, 5), Z) and we set σ i := σ i,0 .
Since X is smooth, the linear projection γ X : X → Gr(2, V 5 ) from the vertex ν is a regular map. The restriction of the hyperplane class on P(C ⊕ 2 V 5 ) defines a natural polarization H := γ * X σ 1 on X with degree H 4 = 10. By the adjunction formula, the canonical divisor is K X = −2H, so X is a Fano fourfold of degree 10 and index 2.
The moduli stack M 4 of GM fourfolds is a smooth, irreducible Deligne-Mumford stack of finite type over C of dimension 24 [KP18, Prop. 2.4].
By [IM11, Lemma 4.1] the Hodge diamond of X is
By [DIM15, Proposition 5.1] there is an isomorphism of lattices
Note that the rank-2 lattice H 4 (Gr(2,
By [DIM15, Proposition 5.1] it is isomorphic to
Note that the intersection form on γ * X (H 4 (Gr(2, V 5 ), Z)) with respect to the basis γ * X σ 1,1 , γ * X σ 2 is represented by the matrix 2 2 2 4 . Fixing a primitive embedding of Λ 00 into Λ, we set Λ G := Λ ⊥ 00 ⊂ Λ and we can find two generators λ 1 and λ 2 of Λ G such that the intersection matrix is 2 0 0 2 .
The period domain of GM fourfolds is the complex manifold
Note that the group O(Λ 00 ) acts properly discontinuously on Ω(Λ 00 ) and it is isomorphic to
is an irreducible quasi-projective variety of dimension 20 and by [DIM15, Theorem 4.4] the period map p : M 4 → D is dominant as a map of stacks with smooth 4-dimensional fibers. The period point of X is p(X) ∈ D.
Hodge-special Gushel-Mukai fourfolds
A very general GM fourfold X satisfies rk H 2,2 (X, Z) = 2. We call X Hodge-special if H 2,2 (X, Z) contains a rank-three primitive sublattice containing γ * X (H 4 (Gr(2, V 5 ), Z)). Period points of Hodge-special GM fourfolds lie in codimension-1 Noether-Lefschetz loci in D. Indeed, let L d ⊂ Λ be a primitive rank-three positive definite sublattice containing Λ G , with discriminant d. By [DIM15, Lemma 6.1] we have d ≡ 0, 2 or 4 mod 8. Consider the codimension-1 locus
Then the period of any Hodge-special GM fourfold lies in D L d for some L d .
By [DIM15, Proposition 6.2], the lattice L d only depends on the discriminant d, and depending on d, there are one or two embeddings of L d into Λ up to composition with elements of O(Λ 00 ). To be precise, up to the action of O(Λ 00 ), there exists τ ∈ L d such that λ 1 , λ 2 , τ is a basis for L d with intersection matrix given by 
In the case d = 2 + 8k, denote by D ′ d and D ′′ d the divisors D L d corresponding to the first and second embedding of L d , respectively. It follows from [DIM15, Corollary 6.3] that the periods of Hodge-special GM fourfolds are contained in the union of (i) the irreducible hypersurfaces
Moreover, there exists an involution r ∈ O(Λ 00 ) which is not in O(Λ 00 ), inducing an involution r D on D which exchanges D ′ d and D ′′ d when d ≡ 2 mod 8. We say that a Hodge-special GM fourfold X has discriminant d if its period point belongs to
Marked and labelled Gushel-Mukai fourfolds
In analogy to [Has00, Definition 3.1.3] for cubic fourfolds, we give the following definition. Let L d be a rank-3 positive definite lattice containing Λ G .
Definition 3.1. A marked Hodge-special GM fourfold is a GM fourfold X together with a primitive embedding ϕ : L d ֒→ H 2,2 (X, Z) preserving the classes λ 1 and λ 2 . A labelled Hodge-special GM fourfold is a GM fourfold X together with a primitive sublattice L d ⊂ H 2,2 (X, Z).
So a labelling of a GM fourfold is the image of a marking.
Two marked GM fourfolds (X, ϕ : L d ֒→ H 2,2 (X, Z)) and (X ′ , ϕ ′ :
Remark 3.2. Consider the sets of isomorphism classes of marked and labelled GM fourfolds. There is a map
. It is surjective but need, a priori, not be injective: The lattice L d could have non-trivial automorphisms fixing the λ i .
, then there are two embeddings of L d into the (2,2)-part of the corresponding Hodge structure on Λ 00 that are in different O(Λ 00 )orbits. So x has two labellings, giving rise to one point in (D ′ d ) lab and one in (D ′′ d ) lab . Accordingly, we let D lab d be the disjoint union
Analogously, define D mar
Then the moduli stacks of labelled and marked Hodge-special GM fourfolds of discriminant d are M 4 × D D lab d and M 4 × D D mar d , respectively. In the rest of this section, we analyze the natural surjective morphisms
The argument is the same as in the case of cubic fourfolds in [Bra18, Section 2.3].
Note that a non-normal point in D L d has two different labellings by L d . In particular, the integral (2,2)-part of the corresponding Hodge structure has rank bigger than 3.
is an isomorphism.
In order to prove Proposition 3.4, we will show that G(L d )/H(L d ) ∼ = Z/2Z and it is generated by an element that restricts to − id on L ⊥ d . As − id L ⊥ d induces the trivial action on Ω(L ⊥ d ), we deduce the proof of Proposition 3.4.
Lemma 3.5. The group G ′ (L d ) is Z/2Z, generated by an element that acts on Disc(L d ) as − id.
Proof. Let g ∈ G ′ (L d ). Assume d = 8k, so L d has a basis λ 1 , λ 2 , τ with corresponding intersection matrix   2 0 0 0 2 0 0 0 d/4   (see Section 2.2). Then either g(τ ) = τ , so g = id L d , or g(τ ) = −τ . In the second case, g acts on the discriminant group
Next, assume d = 2 + 8k, so L d is isomorphic to the lattice with basis λ 1 , λ 2 , τ and intersection matrix   2 0 0 0 2 1 0 1 (d + 2)/4   Write g(τ ) = aλ 1 + bλ 2 + cτ . It follows from g(λ i ) = λ i that a = 0 and c = 1 − 2b, and solving (g(τ )) 2 = (τ ) 2 gives (b − b 2 )d = 0. Hence we either have b = 0, so g = id L d , or b = 1 and c = −1, so g(τ ) = λ 2 − τ . In the second case, the action on the discriminant group
of L d is given by
Finally, assume d = 4 + 8k, there is a basis λ 1 , λ 2 , τ for L d with intersection matrix   2 0 1 0 2 1 1 1 (d + 4)/4   and write g(τ ) = aλ 1 + bλ 2 + cτ . Now g(λ i ) = λ i , implies a = b and c = 1 − 2a, and solving (g(τ )) 2 = (τ ) 2 gives (a − a 2 )d = 0. Hence we either get a = 0, so g = id L d , or a = 1 and c = −1, so g(τ ) = λ 1 + λ 2 − τ . In the second case, the action on the discriminant group
Proof of Proposition 3.4. By Lemma 3.5, the generator γ ′ of G ′ (L d ) acts as − id on Disc L d . Then − id L ⊥ d ⊕γ ′ extends to an element γ of O(Λ) by [Nik80, Corollary 1.5.2 and Proposition 1.6.1], which generates G(L d )/H(L d ). Since by definition γ restricts to − id on L ⊥ d , we conclude that γ acts trivially on Ω(L ⊥ d ). This implies the statement. As a direct consequence of Proposition 3.4, we get the following identification between moduli stacks of marked and labelled Hodge-special GM fourfolds. 
Gushel-Mukai fourfolds with associated K3 surface
In this section we prove Theorem 1.2 and Theorem 1.3.
Rational maps to moduli spaces of K3 surfaces
The aim of this section is to construct the rational map of Theorem 1.2. Let X be a Hodge-special GM fourfold whose period lies in D d , that is, there are a rank-3 positive definite lattice L d of discriminant d containing Λ G and a primitive embedding L d ֒→ H 2,2 (X, Z). As in [DIM15, Section 6.2], we say that a quasi-polarized K3 surface (S, l) is Hodge-associated to X if there is a Hodge isometry 
Fix an embedding L d ֒→ Λ. By Proposition 3.4, we obtain the following commutative diagram:
By Lemma 3.3, the map ν is birational. It follows from the diagram above that there exists a birational map
In particular, we obtain a rational map
which is birational when d ≡ 4 mod 8 and generically two-to-one when d ≡ 2 mod 8. Indeed, for a generic x ∈ D ′ d , note that for some g ∈ O(L ⊥ d ), 
sending a GM fourfold to an associated polarized K3 surface. This proves Theorem 1.2. Note that γ d (X) is defined whenever rk H 2,2 (X, Z) = 3. 
Fibers of Fourier-Mukai partners
We now apply the results in the previous sections to study Fourier-Mukai partners of GM fourfolds. In analogy to [Huy17, Per16] for cubic fourfolds, we say that a Fourier-Mukai partner of a GM fourfold X is a GM fourfold X ′ such that there exists an exact equivalence Ku(X)
has a Fourier-Mukai kernel. Note that by [KP19, Theorem 1.6] non-isomorphic GM fourfolds in the same fiber of the period map are Fourier-Mukai partners.
Before proving Theorem 1.3, we need to make the following remark. In analogy to [AT12] , the defined by (S i , l i ) if d ≡ 4 mod 8, and by
is in the image of the period map p and consider a GM fourfold X ′ in the fiber of p over this point. Then
Finally, by Lemma 4.2, if X ′ is a Fourier-Mukai partner of X, then X ′ is a very general Hodgespecial GM fourfold of the same discriminant. Thus γ d (X ′ ) is a well defined element in M d . But then γ d (X ′ ) is a degree-d polarized K3 surface which is a Fourier-Mukai partner of (S, l), hence isomorphic to (S i , l i ) for a certain 1 ≤ i ≤ m. This implies the statement. 
Gushel-Mukai fourfolds and twisted K3 surfaces
In this section we recall the definition of the moduli spaces of twisted polarized K3 surfaces with fixed order and degree introduced in [Bra19] , and then we prove Theorem 1.4 and Theorem 1.5.
Moduli and periods of twisted K3 surfaces
We summarize the relevant results of [Bra19] . Recall that for a complex K3 surface S, the Brauer group Br(S) is isomorphic to the cohomological Brauer group 
Twisted K3 surfaces associated to GM fourfolds
Recall [Per19, Definition 3.11] that if X is a Hodge-special GM fourfold, a twisted K3 surface (S, α) is said to be associated to X when there is a Hodge isometry
Note that if d is the degree and r the order of (S, α), then X has discriminant dr 2 . One can show [Per19, Theorem 1.1] that X has an associated twisted K3 surface if and only if the period point of X lies in D d ′ for some d ′ satisfying
where the p i are distinct primes. Note that this is equivalent to the following: d ′ is of the form dr 2 for some integers d and r, where d satisfies ( * * ). This decomposition d ′ = dr 2 is however not unique. We will prove that ( * * ′ ) is equivalent to a condition on the lattice L ⊥ d ′ . We need the following lemma. For w ∈ Hom(Λ d , Z/rZ) of order r, let T w ⊂ Λ d be the index-r sublattice Ker(w). We embed T w primitively into Λ using the map exp(w) (see [Bra19, Section 3.1]).
Lemma 5.2. Let S w := T ⊥ w ⊂ Λ. The canonical map O(S w ) → O(Disc S w ) is surjective. Proof. Note that S w has rank 3 and its discriminant group is isomorphic to Disc T w . By [DIM15, Proposition 6.5], this group is either cyclic or isomorphic to (Z/2Z) 2 × Z/(d ′ /4)Z. In the first case, the statement follows from [Nik80, Theorem 1.14.2]. In the second case, it follows from [MM09, Corollary VIII.7.8].
d ′ ≡ 0 mod 4 (resp. d ′ ≡ 2 mod 8), then there are m ′ (resp. 2m ′ ) fibers of the period map p such that, when non-empty, their elements are Fourier-Mukai partners of X, where m ′ = ϕ(r)2 τ (d)−1 if r = 2 or d > 2 ϕ(r)/2 if r > 2 and d = 2.
(5)
Proof. We fix a rational map δ d ′ : M 4 × D D d ′ M w as in Corollary 5.4. Let X be a GM fourfold as in the statement and consider the twisted degree-d polarized K3 surface δ d ′ (X) = (S, α) with ord(α) = r. Note that S has Picard rank 1 and by [Per19, Theorem 1.1] and [PPZ19, Theorem 1.9] there is an equivalence Ku(X) ∼ − → D b (S, α). Let m ′ be the number of Fourier-Mukai partners of (S, α) of order r. By Lemmas 5.2 and 5.5, arguing as in [Per16, Proposition 4 .4], one can show that m ′ is equal to the upper bound given in [Ma10, Proposition 4.3] . Moreover, by [Per16, Proposition 4.7] this number is given by (5) as in the statement. Then using diagram (4) and arguing as in Proposition 4.3, we deduce the statement.
Remark 5.8. Note that a GM fourfold as in Proposition 5.7 could have other Fourier-Mukai partners. Indeed, they could be obtained from Fourier-Mukai partners of (S, α) with order different from r.
Remark 5.9. The construction of the rational map in [Bra19, Section 4] can be used in the case of cubic fourfolds to simplify the proof of [Per16, Theorem 1.2]. More precisely, the rational map allows to skip the computation in [Per19, Section 4.1]. As a consequence, it is possible to remove the assumption in [Per16, Theorem 1.2] that 9 does not divide the discriminant, giving a more complete statement.
